1.1. Theorem. Suppose that char(k) = 0.
(1) [Galligo] The generic initial ideal of a graded ideal I (that is, the initial ideal of I in generic coordinates) is Borel. (2) [Bayer-Stillman] The regularity of a graded ideal is equal to the regularity of its generic initial ideal with respect to reverse lex order.
The minimal free resolution of a Borel ideal is given by the Eliahou-Kervaire resolution in Construction 2.1. Several different proofs of this resolution are known. In [EliahouKervaire] and [Green] , the argument uses Gröbner basis theory. The proof in [AramovaHerzog 1] analyzes the homology of the Koszul complex. We provide a proof using iterated mapping cones (cf. [Eisenbud, for an introduction to mapping cones). This technique is also applied in [Charalambous-Evans] for lex-segment ideals with holes.
The Eliahou-Kervaire resolution has many applications. Among them, Theorem 3.2 is very useful.
We present a proof of the Eisenbud-Goto Conjecture for Cohen-Macaulay ideals in Section 3; the Cohen-Macaulay case is proved in [Eisenbud-Goto] , but their proof is very different. As far as we know, the proof in Section 3 has not been published before.
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The Eliahou-Kervaire resolution
For a monomial m denote
For example, max(x 2 2 x 3 x 3 5 ) = 5 and min(x 2 2 x 3 x 3 5 ) = 2. Let N be a Borel ideal. If w ∈ N is a monomial, then there is a unique decomposition w = uv, such that u is a minimal monomial generator of N and max(u) ≤ min{i | x i divides v}. We set b(w) = u and call it the beginning of the monomial w. For example, if 
Construction.
Let N be a Borel ideal in S minimally generated by monomials m 1 , . . . , m r . The Eliahou-Kervaire resolution F N of S/N has basis denoted
where the element (m p ; j 1 , . . . , j i ) has homological degree i + 1 . Set
Straightforward computation shows that F N is a complex.
The basis of the Eliahou-Kervaire resolution is:
The resolution is:
For example, the differential acts on the basis element (x 1 x 3 ; 1, 2) as:
is not a basis element in the resolution.
Theorem.
If N is a Borel ideal, then F N is the minimal free resolution of S/N .
We will use the following lemma, which is easy to prove: We are going to use the mapping cone (cf. [Eisenbud, ) for the short exact sequence 0 → S/(I : m)
The comparison map is multiplication by m. Therefore, in order to make the comparison map of degree 0, we shift the degree of the module S/(I : m). We obtain the graded short exact sequence of homomorphisms of degree 0:
Let K be the Koszul complex resolving S/(I : m) = S/(x 1 , . . . , x max(m s )−1 ) and graded so that the free module in homological degree 0 has one generator of degree deg(m). We denote the basis of K by
where (m; j 1 , . . . , j i ) has homological degree i. The differential in K is −∂ constructed in Construction 2.1.
Consider the map −µ : K → G defined by µ(m, ∅) = −m and Construction 2.1. In order to show that −µ is a map of complexes, we have to verify that −µ(−∂) = d(−µ). This holds because
Therefore, −µ is a graded map of complexes of degree 0 and lifts the map S/(I : m) m − −→ S/I. The map −µ : K → G yields a mapping cone, which we denote by F, and which is a graded free resolution of S/(I + (m)). As a module F is defined by
and the differential is defined by the following diagram
Therefore, the resolution F has the desired basis. The differential on F is d on G and ∂ − µ on K, so the differential is d as desired. Thus, F is the Eliahou-Kervaire resolution of S/(I + (m)).
we have the short exact sequence
This lifts to the map of free resolutions:
where the first row is the Koszul complex K resolving A/(x, y) (−2) and the second row is the Eliahou-Kervaire resolution of A/I. The mapping cone construction yields the EliahouKervaire resolution of A/N :
Remark 2.6. Recently (about the last ten years), the study of monomial resolutions has been a main area for rich interactions between Commutative Algebra and Combinatorics. A fusion of new ideas and techniques were introduced: maximal Betti numbers, simplicial and cellular resolutions, Alexander duality, the lcm-lattice, powers of monomial ideals, discrete Morse theory, generic ideals, Scarf and nearly Scarf ideals, linear resolutions, edge ideals, relations to hyperplane arrangements, infinite monomial resolutions; (Our list is not complete; we are just trying to give an idea of the different directions of work). This lead to a number of interesting results in Commutative Algebra and Combinatorics. The main open problems in the area are to find/construct explicit minimal free resolutions in more cases, and to introduce new ideas and structures. Monomial resolutions are discussed in several books; for example in [Bruns-Herzog] and [Villarreal] .
Nevertheless, there are only a few cases in which the minimal free resolution of a monomial idea can be described completely and a close formula of differential is known; Borel ideals are the most important case, where this can be done.
Applications
If M is a homogeneous ideal in S and
is a minimal free resolution of S/M , then It is a very interesting invariant, studied in Commutative Algebra and Algebraic Geometry.
Corollary.
Let N be a Borel ideal. We can express the codimension, regularity, the projective dimension, and the Betti numbers as follows:
Proof: By the Borel property it follows that a power of x min(w) is in N . Hence x min(w) is contained in every prime ideal that contains N . Therefore, the minimal prime ideal containing N is
where t = max{j | a power of x j is in N }. Hence, dim(S/N ) = n − t. In order to prove the remaining formulas, note that the minimal free resolution of N has basis 3.2. Theorem. Suppose that char(k) = 0. If I is a graded ideal in S, then its regularity is equal to the highest degree of a minimal monomial generator of its generic initial ideal gin(I) with respect to the reverse lex order. The ideal gin(I) is Borel.
As an application, we can prove the Eisenbud-Goto Conjecture for Cohen-Macaulay ideals:
2 is a Cohen-Macaulay graded ideal in S, then
where mult(S/I) is the multiplicity of S/I.
Proof: Denote by N the generic initial ideal of I with respect to the reverse lex order. By Theorem 3.2 it follows that reg(I) equals to the highest degree of a minimal monomial generator of N . The ideal N is Cohen-Macaulay as well by [Eisenbud, 15.13] . Let i = max{j| a power of x j is in N }. We have that codim(I) = codim(N ) = i by Corollary 3.1. Since the variables are generic (generic coordinates), it follows that the last dim(S/N ) = n − i variables form a regular sequence in S/N . Therefore, none of the variables x i+1 , . . . , x n appears in the minimal monomial generators of N .
Therefore, the multiplicity of N is equal to the length l(S/N ), whereN = N ⊗ S/(x i+1 , . . . , x n ) is an artinian ideal in the ringS = S/(x i+1 , . . . , x n ).
Let x p i be a minimal monomial generator of N . It follows that p is the highest degree of a minimal monomial generator of N . Hence, reg(I) = p.
Therefore, the desired inequality reg(I) ≤ mult(S/I) − codim(I) + 1 is equivalent to p ≤ l(S/N ) − i + 1, and to
We will prove the above inequality. For 0 ≤ j < p, the monomial x j i is not inN j , so we have that dim k (S/N ) j ≥ 1. In addition, the monomials x 1 , . . . , x i−1 are not inN 1 .
The next two results provide more information on the structure of the EliahouKervaire resolution.
The idea to encode a monomial resolution (both the Betti numbers and the differentials) in the combinatorial structure of a cellular complex was introduced by Bayer, Peeva, and Sturmfels in [Bayer-Peeva-Sturmfels] and [Bayer-Sturmfels] ; if this is possible, then the resolution is called cellular. The following theorem is proved in [Batzies-Welker] :
If N is a Borel ideal, then the Eliahou-Kervaire resolution of S/N is cellular.
Srinivasan constructed a DG-algebra structure on the minimal free resolution of S/(x 1 , . . . , x n ) p for p ≥ 2 in [Srinivasan] . Peeva [Peeva] constructed, in a different way, a DG-algebra structure on the Eliahou-Kervaire resolution. This leads to the following result:
If N is a Borel ideal, then the Eliahou-Kervaire resolution of S/N is an associative commutative differential graded algebra.
3.6. Construction. Let N be a Borel monomial ideal. In [Peeva] , the infinite minimal free resolution of k over S/N is described explicitly as follows: Let K be the Koszul complex that resolves k over S. We can think of K as the exterior algebra on basis e 1 , e 2 , . . . , e r with differential ϕ(e i ) = x i . Let E i+2 be the vector space with basis ( m; j 1 , . . . , j i ) | m is a minimal monomial generator of N, 1 ≤ j 1 < . . . < j i < max(m) .
. . is the tensor algebra of E. Define a differential ψ on the basis elements in G as follows:
(here t ∈ S/N ⊗K and ϕ(t) is the differential in S/N ⊗K if t / ∈ S/N ⊗K 0 ; in case t ∈ S/N ⊗K 0 we set ϕ(t) = 0). Extend the differential by linearity. It is proved in [Peeva] that G is the minimal free resolution of k over S/I. The Poincaré series of the resolution is 
An open problem
Sometimes Borel ideals are called 0-Borel fixed ideals in view of [Eisenbud, 15.23(b) ]. If char(k) = p > 0, then the generic initial ideals satisfy a more complicated combinatorial property, see [Eisenbud, 15.23(b) ]; such ideals are called p-Borel fixed.
Definition.
Let p be a prime number. For two natural numbers a and b, we define that a ≺ p b if each digit in the p-base expansion of a is ≤ the corresponding digit in the p-base expansion of b.
A monomial ideal T is called p-Borel fixed (or just p-Borel) if for each minimal monomial generator m of T and each x j that divides m, the following property holds: if x t j is the highest power of x j that divides m, then x i x j s m ∈ T for each s ≺ p t.
Example.
The ideal (x p 1 , . . . , x p n ) is p-Borel for p > 0 prime.
It is a challenging open problem to describe the minimal free resolution of a p-Borel fixed ideal. First steps in this direction are made in , [Herzog-Popescu] , [Jöllenbeck-Welker] , [Pardue] , and [Popescu] .
The following example shows that the mapping cone construction and the EliahouKervaire resolution are not applicable.
